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ABSTRACT: We formulate a theory of topological membranes on manifolds with G2 holon-
omy. The BRST charges of the theories are the superspace Killing vectors (the generators
of global supersymmetry) on the background with reduced holonomy Go C Spin(7). In
the absence of spinning formulations of supermembranes, the starting point is an N = 2
target space supersymmetric membrane in seven euclidean dimensions. The reduction of
the holonomy group implies a twisting of the rotations in the tangent bundle of the branes
with “R-symmetry” rotations in the normal bundle, in contrast to the ordinary spinning
formulation of topological strings, where twisting is performed with internal U(1) currents
of the N = (2,2) superconformal algebra. The double dimensional reduction on a circle
of the topological membrane gives the strings of the topological A-model (a by-product of
this reduction is a Green-Schwarz formulation of topological strings). We conclude that
the action is BRST-exact modulo topological terms and fermionic equations of motion. We
discuss the role of topological membranes in topological M-theory and the relation of our
work to recent work by Hitchin and by Dijkgraaf et al.
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1. Introduction

The notion of topological M-theory was introduced recently by Dijkgraaf et al. [l (see
also [fJ]). In analogy with topological string theory [§, ] (for a recent review, see ref. [[Q]),
one expects here a topological membrane world-volume theory to give rise to a field theory
in a seven-dimensional target space. In the string case both the world-sheet and the six-
dimensional target space theories are fairly well understood, the latter being in fact string
field theories constructed from the world-sheet BRST charge. Although Calabi-Yau three-
folds have special properties in this context [[L(], topological strings exist also on special
holonomy manifolds of other dimensionalities, see e.g. ref. []. The features found in the
topological string case would for many reasons be very valuable to understand also in the
membrane/M-theory case. One important reason is connected to the role topological string
amplitudes play in compactification of physical string theories. One may also wonder if a
better understanding of topological M-theory may indicate how to approach the problem
of finding a microscopic formulation of M-theory, possibly including a quantisation of the
membrane.

In ref. [fl], the authors took a first step towards this goal by suggesting the form of the
effective target space field theory of topological M-theory. Such an effective theory may be
obtained by arguing that the theory and its topological properties should be connected to



those of the A and/or B topological string models by dimensional reduction in much the
same way as the physical field theories in ten and eleven dimensions are related. Similarly,
one should be able to connect the topological string world-sheet theories to the topological
membrane one by subjecting the latter to a double dimensional reduction.

The target space aspects were discussed in some detail in ref. [[l, where the crucial réle
of Hitchin functionals [§, f}] was elaborated upon. These are special functionals of p-forms
which can be connected to metric fields by some rather complicated non-linear relations.
The resulting theory was given the appropriate name form-gravity in ref. [fl]. By starting
from a Hitchin 3-form on a seven-dimensional G holonomy manifold, the authors of ref. [I]
show that by dimensional reduction various well-known topological form-gravity theories in
lower dimensions are obtained. In particular, one finds the Kodaira-Spencer theory [[L1] for
the complex structure deformations in the B-model and the Kéhler gravity theory [[J] of
the Kéahler deformations in the A-model, albeit produced in a particular interacting form.

At the classical level the connection between form-gravity based on a six-dimensional
Hitchin functional and the topological B-model was made explicit by relating the corre-
sponding tree-level partition functions to each other. However at one loop level, where the
B-model is known to compute a special combination of Ray-Singer torsion invariants [[[], it
was recently demonstrated by Pestun and Witten [15] that one needs to use the extended
Hitchin functional introduced in ref. [d] to obtain the same one-loop partition function.
This connection to the extended Hitchin functionals is intriguing since they play a role also
in flux compactifications [R0] on the generalised Calabi-Yau manifolds discussed by Hitchin
in his paper.

The natural next step seems to be to construct a topological membrane theory that may
be related to the topological M-theory mentioned above. That is, we want to construct a
membrane embedded in a seven-dimensional space with G2 holonomy whose effective action
is the Hitchin functional 3-form gravity theory discussed in ref. [f[]. The usual approach
to derive topological strings by means of twisting does not seem to work here since it
is based on the spinning string, or NSR, formulation which is lacking in the membrane
case. Here we will instead approach this problem by starting from the Green-Schwarz (GS)
formulation of the membrane [R1]. Of course, since the superstring, and perhaps also the
supermembrane, are quantized most easily using Berkovits’ pure spinor formulation [RZ],
this is probably an even more suitable starting point. This point was discussed recently
also in [RJ). We note here that although the GS formulation of string theory is as standard
as the NSR one, it does not seem to have been used yet in the construction of topological
strings. As will be clear below such a GS formulation will come out of the results presented
here for the topological membrane.

One important aspect of twisting in the construction of the topological string from
a two-dimensional supersymmetric sigma model is that it turns a spin—% supersymmetry
current into a spin-1 object that can be interpreted as a BRST current. This kind of twisting
is accomplished by enforcing the identification of the world-sheet Lorentz symmetry with
an so(2) R-symmetry giving fermionic quantities unphysical integer spin values. In the GS
formulation of the membrane, which is the starting point in our approach to the topological
membrane, such an unphysical spin-statistics relation on the world-volume is already in



effect since the supercoordinates in the target space (z™, 1) contain the anticommuting
world-volume scalars 1»*/ (the ranges of the various indices will be specified later). For
trivial target spaces like eleven-dimensional flat space, the gauge-fixing of the x-symmetry
generates an ordinary supermultiplet in three dimensions with physical spin fermions [21]|.
However, in the context discussed here no twisting needs to be done by hand, a fact that has
been noticed before in ref. [[J. As discussed in detail in section f], a similar phenomenon to
twisting does occur but now as an automatic consequence of combining G2 holonomy and
the tangent space symmetry remaining after the introduction of the membrane into target
space. This twisting leaves the bosonic and fermionic fields in the same representation of
the surviving symmetry. We will however not fix the gauge, and for the most part work
with a fully k-symmetric theory with a (147)-dimensional parameter.

This paper is organised as follows. In section P we start by discussing the Go 3-
form gravity theory that the topological membrane is supposed to generate in the seven-
dimensional target space. Different action functionals are presented for this theory, one
of which we believe is new. This section also describes the supergeometry into which the
bosonic seven-dimensional G5 holonomy manifolds can be embedded. The supercoordinates
are ZM = (z™,0M) where m runs over seven values and ji/ enumerates two (I = 1,2)
eight-dimensional spinors (i = 1,..,8). The supergeometry in encoded by a standard
vielbein (supersiebenbein) and a superspace 3-form Cysyp(Z). The Bianchi identities are
discussed and an explicit 3-form superfield is derived, but only in the flat space limit. As
also explained, the full expansions in fermionic coordinates of the curvature dependent
3-form and vielbein superfields can be obtained by a lengthy iterative procedure which we
hope to come back to in a future publication (for a similar discussion, see refs. [[3, [4]).

In section ] we discuss the s-symmetric membrane theory that we propose as the
starting point for deriving a topological membrane. The role of G5 in obtaining the BRST
charge from a partially gauge fixed world-volume action is explained and arguments in-
dicating the topological nature of the action, namely the fact that it is BRST exact, are
presented. This discussion is carried out in the full theory but the calculation of the action
is performed only to lowest order in the curvature and a full proof will require more work.

In the concluding section | we make a few additional remarks and comments. Proper-
ties of the octonions are used heavily in this paper and some aspects can be found in the
appendices. In appendix [f] we discuss G tensors, projection operators and the relation to
quaternions, while in appendix J we give the explicit form of the flat superspace 3-form
based on the octonionic structure constants.

2. G5 holonomy

Seven-dimensional manifolds with Go holonomy have special properties, among which are
Ricci-flatness and a single covariantly constant (Killing) spinor.

When holonomy is restricted to lie in a G2 subgroup, a (partial) gauge choice can be
made for the spin connection to make it lie entirely in the Lie algebra G2. Then, G, singlets
can be defined as constant over the manifold, and this thus applies to special elements of
any Spin(7) representation containing a G singlet. So, there is a constant spinor, since



8 — 147, and a constant 3-form §2, since 35 — 1@ 7@ 27. In a flat frame the 3-form may
be chosen as Q4. = 0upbe, the octonionic structure constants, invariant under the action of

G2, the automorphism group of @ (see appendix [A] for details).

2.1 The 3-form

Hitchin [f], fij has constructed a model containing a 3-form field, whose solutions are Gy
manifolds. This is certainly a part of topological M-theory. The metric is constructed from
the 3-form as

1
Kpn = \/ggmn = _memlmm7Qmm1mQQnm3m4Qm5msm7 > (2-1)

Hitchin gives the action S = [ d"zK'9. A Polyakov type action, due to Nekrasov B9,
giving both the relation (2.1]) and the covariant constancy of the 3-form, is

2 1
S/ == § /d7:c <\/§ - %gmnemlmm7Qmm1mQQnm3m4Qm5m6m7> 9 (22)

The metric is auxiliary and determined by its equation of motion. The constant in front
is chosen so that the action is normalised to the volume. In a frame where (locally)
Qabe = Oabe, one thus has gg, = 0qp, wWhich is checked by 04cq0pef*0cdesr = —2404p (see
appendix [A]).

Varying the action (£.9) w.r.t. Q gives

_1 7 rn ~stms...m7
T 9x144 fd :C( 29 € Qnm3m4Qm5m6m7
t
+gmn€m1 maqrs Qmm1m2 Qnm3m4)5Qr8t .

(2.3)

Using the relations of appendix [A] to calculate the two terms, one finds using the expression
for gin that they both are proportional to the same expression, and that the variation (B.9)

becomes 1 1
3 / KNI = A"\ /g QP - (2.4)
The relation (2.1)) for the metric may equivalently be written in the implicit form
1
Imn = Egplqlgpzqz Qinp1p2ngigs » (2.5)

which is used by Hitchin in expressing the variation of his action in the “linear form” (R.4).
This latter relation could as well be obtained from an action, which now takes a much more

conventional form:

1 1
g — -5 /d7x\/§ (1 _ égmlmgmzmgmangleQOSQmmnS> (2.6)

" really gives is QppeQnP? = —gmn(1 — %QPQTQW"),

(what varying this action w.r.t. g™
which after contracting the free indices with ¢g"" gives QP9 = 42, and thus g,,, =
£ Qg 0, P?). Variation of the action (R-6) w.r.t. € gives an expression proportional to (2-4)
directly, without any use of the algebraic identities of appendix [A].

The 3-form is part of the geometric background for propagation of membranes. The
expression “€) = ¢” is purely bosonic. In a superspace, {2 will contain more components

when expressed in flat basis, due to torsion (see appendix [B).



2.2 Superspace and supersymmetry

The superspace we want to consider has bosonic coordinates which are the coordinates of
a euclidean manifold with G5 holonomy. In addition there will be fermionic coordinates.
These are a priori a set of real spinors in the 8-dimensional representation of Spin(7), but
when Spin(7) — G2 each spinor decomposes as 8 — 1 @ 7. The ~y-matrices of Spin(7) are
real and antisymmetric, so it is clear that an even number of spinors are needed, together
with an internal Sp(2n) in order to have a non-vanishing torsion. We will choose the
simplest possibility, n = 1, giving a doublet of spinors, for reasons that become obvious
in the following subsection. This superspace is obtained from D = 11 superspace, with
twice as many fermionic coordinates, as a truncation of the Spin(7) x SL(2,C) subgroup
of Spin(1,10) to Spin(7) x SL(2,RR), where the spinors in the representation 32 — (8,2¢)
are demanded to be real.

A convenient realisation is to consider a vector as an imaginary octonion, v € Q’, and

7

a spinor as an arbitrary octonion, s € @. Letting the orthonormal basis of Q' be {e,}!_1,

multiplication by ~“ is identified with left multiplication of a spinor with ey, i.e., vs is again
a spinor. The octonionic multiplication table, eq,ep, = —d4p + Tapete, tells us that the real

~-matrices square to —1 (a property which will be crucial for supermembranes).

Before moving on let us fix some notation. Superspace coordinates are written
zM = (™ My, m=1,...7, p=0,...,7, I=12. (2.7)

Flat indices are written (a, &I). The spinor index will often be divided into (0, = 1,...,7),
reflecting the decomposition 8 — 1 & 7. This division applies also to curved indices, as
long as one only considers super-diffeomorphisms that leave the singlet inert, and we use
the notation

i = (07 ). (2.8)

Bosonic and fermionic vielbeins are written,

E*, &M = (gl gy, (2.9)
and the purely bosonic vielbein, e,,%.

The v matrices encoded in the left multiplication of a spinor A = A% by an imaginary
unit e, are

a — a
(’VG)aﬁ =% (2.10)
(7 )Oa - 60{
They satisfy {7%,7°} = —26% , where the minus sign is necessary for real y-matrices.
The Clifford algebra is spanned by the so(7)-invariant tensors 6% 5 (v*)& FE (yeb)a 5 and

abc)d

(v 2 of which the first and last are symmetric and the second and third antisymmetric



matrices. The decomposition in terms of Gs-invariant tensors is

. 1 0
0. =
0 50‘6
; 0 o
( a)oz _ Jé]
v B - _gaa  gaa
"0 A ab (2.11)
()%, =
B i b b * graber 253%{)
r abc C
(,yabc)oz _ g el g :|
8 * gabca 65%‘;0[3)170} _ 5aﬁo.abc

Solving the dimension-0 part of the torsion Bianchi identities reveals a possible solution
in terms of SO(7) y-matrices. We choose T} 5; = 2¢17(7*)ap, implying

Tarps® = 2e170%3,
Tor,07" = 21505 , (2.12)
Torps* =0.

(A wider class of Ga-invariant solutions exists but k-symmetry restricts the choice to
eq. (B.19).) The background will contain a 3-form potential C' (descending from the
one in D = 11) with 4-form field strength, G, whose dimension-0 part is taken to be

Gaparps = —2617(Yab)ap’

Gabar,87 = 2617 (202 4+ *Oabagp) »
Gab01,87 = 261700083 » (2.13)
Gaporo7 =0.

The Fierz identity in D = 7 ensuring the Bianchi identity for G is

(") az(Yab)s5lm =0, (2.14)

where the Young tableau indicates the symmetry structure of the spinor indices. The
expression ('yb)d 4 ('yab)@ ; contains only terms that are antisymmetric in at least three spinor
indices, implying that e;jek L(Wb)@ 3(%17)“73 completely symmetrised in the four composite
indices (&1, BJ,AK, 5L) vanishes.

The potential C', which will be the field that the supermembranes couples minimally
to, is a priori thought of as a 3-form with vanishing cohomology class, so that, modulo
gauge transformations, Cy. = 0. Of course, changing C' to C%) = C + kQ leaves the field
strength invariant.

The constraints for torsion and field strength used are standard, and the ones obtained
by reduction from D = 11 and truncation to real fermions. In order to use them to extract
an explicit form for the dynamics of the supermembrane introduced in the following section,
one would need to solve these constraints explicitly for the vielbeins and components of C'
in terms of the bosonic and fermionic coordinates. This has not been done, except for in
the case of flat manifolds (orbifolds of tori). In principle, this can be done order by order
in the fermions, and we will indicate how this expansion starts.



The target space coordinates! are 2, 9™ and # . Under (bosonic) diffeomorphisms,
O™ = x™, 6X¢m1 = ™9, ", 5)(9[ = 0. This means that the derivatives and dual
differentials that transform covariantly are

dz™ Dm - am - F%nqbnl agpl

Dyl = dgypmd 4 dxnwplp% —Bwamf (2.15)
I 0

de 207

(if we have differentials that transform covariantly, we can just contract them with e,,*
to get something that is invariant). In order to reproduce the dimension-0 torsion, the
vielbeins are constructed from the covariant differentials as

E® = (dz™ + €[JanpD1/)nI¢pJ + 2€[Jd91¢m‘])ema + ...,
EY = Dym™e, 2+ ..., (2.16)
el =apt.

We also let w = dz™wp,(z) and D = d 4+ w. These terms generate torsion, however, which
contains the Riemann tensor (7% = T*1§2):

T% = e17(Q™, DY™ A DYPT +2d07 A DY™ e, @ + Q™ R P e,
Tol — gl R me, @ (2.17)
where D) = 0 has been used. The curvature enters with R,,” = %dxp NdziRgpm".
So, while the correct torsion terms are generated, the curvature-dependent ones have to
be compensated for by adding terms of higher order in fermions in the vielbeins. Note,
however, that this does not apply to the coefficients of df’, which is a G4 singlet, hence
not affected by the spin connection, and furthermore exact.

2.3 G2 manifolds and supersymmetry

The existence of a constant spinor allows for a Killing spinor, a fermionic “isometry” of
the superspace, i.e., a global supersymmetry. In our superspace with an internal SL(2)
index, there will be a doublet of supersymmetries. We choose a parametrisation where the

superspace Killing vectors, i.e., the supersymmetry generators are

0
Q1= 501> (2.18)
which obviously fulfill
{Qr,Qs}=0. (2.19)

All vielbeins in eq. (R.164) are invariant under @;. We may remark that the simple

form (R.1§) of the supersymmetry generators depends on the the form of the bosonic
vielbeins. If the fermion bilinears in the bosonic vielbein had been chosen to contain

er7(doTyp™ — 01dp™7) instead of 2e7;df ™’ (which to lowest order corresponds to a

IThe identification of part of the spinor as vectors involves gauge-fixing all except the bosonic diffeo-
morphisms.



change of bosonic coordinate), one would also have had a term —ej 9™/ (%:Lm in Q. Dif-
o)

feomorphism covariance would then demand that 577 is replaced by D,,, so also 9 is
transformed. It turns out (by trial and error) that it is impossible to construct a super-
symmetry doublet that starts out this way and fulfills the nilpotency relation (R.19), due
to curvature terms, so we are left with the choice of eq. (R.1§).

In the discussion on a topological theory of membranes below, the (Q;’s are the nilpotent

operators that will be promoted to BRST operators.

3. Topological membranes

In this section, we will describe in detail how we obtain a topological membrane by impos-
ing a supersymmetry constraint on supermembranes embedded in a superspace extending
a manifold of G5 holonomy. First we will introduce supermembranes, and investigate the
structure of k-symmetry in the background at hand. We proceed to promote the global
supersymmetry generators to BRST operators, thereby turning the theory into a topologi-
cal theory. We show that the action, modulo topological terms and fermionic equations of
motion, is not only BRST-invariant, but also BRST-exact.

3.1 Supermembranes on (G2 manifolds

A supermembrane in seven dimensions should have N = 2 supersymmetry, i.e., propagate
in a background superspace with two fermionic spinorial coordinates ¥*!. Then the four
transverse bosons match the fermions in number, with k-symmetry and equations of motion
taken into account. Both bosons and fermions are a priori scalars on the world-volume.
This can of course change after some gauge-fixing, e.g. choosing a static gauge. The
superspace we choose for the propagation of the membrane is thus taken to be the one
described in the previous section.

When formulating a theory of topological strings it is convenient to start from the
action of a spinning (world-sheet supersymmetric) string. For a membrane, no such for-
mulation exists that is equivalent to the space-time supersymmetric one. Since we want
our membrane to describe part of M-theory, we seem to be forced to use the ordinary
supermembrane action. The generic action for a supersymmetric membrane is

S:/d3§\/§+/c. (3.1)

where g and C' are pullbacks from target superspace to the world-volume.

The 7-dimensional R-symmetry is SL(2). R-symmetry is typically something one wants
to use in a topological twist, but the real forms of R-symmetry and local world-volume
rotations su(2) do not match. On the other hand, once one decomposes rotations into
longitudinal and transverse, there are lots of su(2)’s. When so(7) — so(3) & so(4) ~
su(2) @ su(2) & su(2), 7— (1,2,2) & (3,1,1) and 8 — (2,1,2) & (2,2,1). But if we also
have the breaking so(7) — Ga, 7 — 7, 8 — 1 @ 7, we have to consider the maximal
unbroken subalgebra contained in both G5 and su(2)3. In the case that the embedding of
the membrane world-volume is associative, i.e., if xo;j1, = 0, or equivalently o1, = %&;jx,



this is su(2) @ su(2), which is a maximal subalgebra of G, and where the second su(2) is
the last of the three in so(7) — su(2)®su(2)®su(2) and the first is the diagonal subalgebra
of the first two (this is shown in detail in appendix [A], using the splitting of an octonion
into a pair of quaternions). For a more general embedding, the same representations are
obtained in a static gauge based on coordinate directions spanning a quaternion.

From a 3-dimensional perspective, we have (before G5 is imposed) scalars transforming
as vectors under R-symmetry so(4), ¢ € (1,2,2), and spinors transforming as either of the
chiralities of so(4), ¥ € (2,2,1) and/or ¢ € (2,1,2). Introduction of Gy implies a twist
of one of the spinor representations, since it identifies one of the two R-symmetry su(2)’s
with the su(2) of space rotations. This twisting has been observed earlier in ref. [{.

The lesson from the behaviour of the representations and the effective twisting is that
when one wants to formulate a topological membrane theory, no twisting “by hand” is
needed — it is automatically provided in a space-time supersymmetric formulation.

3.2 Fermionic symmetries

The supermembrane action is invariant under global supersymmetry as well as xk-symmetry.
Let us discuss these symmetries in some more detail, beginning with supersymmetry, gen-

erated by the vector fields Q. = & %, with constant parameters !.
All vielbeins, both the bosonic ones E% and the fermionic ones £ = (df!,£%7), are
invariant under supersymmetry — this is just the statement that supersymmetry is an

isometry of superspace. This accounts for the invariance of the kinetic volume term in the
supermembrane action.

Invariance of the Wess-Zumino term [ C' is guaranteed by the invariance of the field
strength G of eq. (2.13). The field strength is expressible as constant coefficients times
wedge products of vielbeins, and thus invariant. This implies that the supersymmetry
transformation of C' is a total derivative, Q.C = e/dA;. It is indeed possible to choose
a gauge where a stronger statement, namely local invariance, Q.C = 0, holds. We have
constructed C' explicitly in such gauges (to lowest order in curvature), see appendix [B
The fact that C can be chosen to be completely independent of #7 will later, when Q; are
used as BRST operators, be a crucial property.

To begin our exposé of k-symmetry for the topological membrane we recount some well
known facts concerning its properties. In order to reduce clutter we drop the si(2)-indices
temporarily, reinserting them when returning to the topological membrane. We begin by
introducing the superspace vector field,

k=Moo = k*EMOy (K =0), (3.2)
the action of which transforms the pullback of a superspace form as,
0x(f*Q) = [P L = [ (ind + dik)Q, (3.3)

where f* is a pullback and £ a Lie derivative. From here on we will not write out pullbacks
explicitly. The action of this vector field on the Wess-Zumino term then follows,

5,@/0 = /(z’,@d +di,)C = /(z‘HG +diC) = /iHG, (3.4)



and the variation of the vielbein,

6o B4 =i (TH — EP Awp?) + Di B4 — (i, EP) A wp? (3.5)
=i, T4 — EB Niwp? + Di EA. ’

By adding a local Lorentz transformation with parameter i,wp”, we can reduce the ex-
pression to 6,E4 = i, T4 + Di,E?, and furthermore, by considering the relevant part of
this expression, to

0B =1, T. (3.6)

The variation of the kinetic term then becomes (with pullbacks written out)
1 .
6V/G = 5v/9970:9 = V39" EGES K Tap", (3.7)

where we have used d,9;; = 05 (EJEY}) = 2E&Eg k*Top®. At the level of (length-)dimension

0 this term varies as

0un/G = /99" ELE] 0 Top® = JgE] Tag’ s | (3.8)

whereupon the action consequently transforms as

ijk
p (/ d*¢\/g + /C) /d3§f (EﬁTaﬁ KO+ ;i/]gE,fﬁaGijaﬁ) L (39)

Turning to the case of the Go-membrane this transformation, after insertion of the torsion
and field strength, looks like,

1k . 3
_ 3 I J 1 J
0 = /d £V (Ea Tarps't R+ _%Elg Gijar " )
3 AI . Z.]k AJ (3-10)
= /d VB! (2(71)5[3 - %(%‘k)ag> wery,
which can be rewritten as
6.8 =4 / d3§\/§E§”(yiH+)d3ﬁBJaU (3.11)
The k-symmetry condition is thus (IT; )% B,«;BI = 0, where
()5 = 5 405 + <P (), (312)
+ B~ 9 8 6\/§ Yijk 8 .
is the operator which annihilates an infinitesimal x-parameter. The fact that
N A 1 . Oijk — X 045k
e, = _— Z]k,y kaA:_emk 3.13
AR O Y ] G Y (3.13)

fulfills the conditions Tr(I') = 0 and I'? = 1 implies that Iy is a projection operator?. It is
then obvious that the k-symmetry condition can be solved by k = I1_¢&, where I1_ is defined

2An essential observation for the working of k-symmetry is that the euclidean signature of the world-
volume is compensated by the fact that the gamma matrices square to minus one. Compared to 11-
dimensional Minkowski space there are two changes of sign. Had only one of these changes occurred,
idempotent projection matrices could not have been constructed.

,10,



as (H,)&B = 1(65‘3 - I’dg) and £ is an arbitrary spinor. Since II_ projects out half of the
degrees of freedom of &, k is parametrised by two scalars and two world-volume vectors
{AY XY Tt can be shown that II. are the only projection operators, which project out
precisely half of the spinors, that can be formed using the Go invariant tensors only, and
hence we have found the most general k-variation.

A byproduct of the above calculation is that the fermionic equations of motion are
I ~iEM = 0.

A general background will of course contain fermionic excitations, demanding that
k-symmetry is checked also at dimension % In the present context, however, we are only
interested in superspaces extending any bosonic manifold of G2 holonomy. We do not
consider deformations of the geometry. In topological M-theory, such deformations should
be parametrised by solutions of the Hitchin model, and purely bosonic.

The algebra of k-symmetry is obtained by commuting k-variations of a fermionic vari-
able, which after some calculation, mainly involving transformation of the projection ma-
trix, yields

[0z, 0: )0 = epr (7 &) RERD — €LK(Wj)@g(ﬂ+7i5i)ﬁK’%[LWjﬁl]
(1 ) ) ,
+(I1-)% {5[(5,%11_)5 — (0.I1)EPT + (&)%mg%w} (3.14)
—(&)M ek L RN YK

It is straight-forward to see that the three rows represent fermionic equations of motion,
k-transformations and world-volume diffeomorphisms, respectively. This is the point where
it becomes clear that the formulation, due to the mismatch between fermions and bosons
off-shell, is an on-shell formulation — part of the gauge symmetry only works modulo
equations of motion.

Although we will not elaborate on this in the present paper, it is worth mentioning that
rk-symmetry can in fact be treated in a completely covariant manner on a G9 manifold.
The projection k = Il x may be solved by parametrising x in terms of a scalar and a
world-volume vector as

K =29+ (B — 2—\1/§5i]k0ajk)gz, '
where y = ﬁeijkazjk, Za = ﬁsijk*azjka. In a situation where the scalar part has been

fixed, the remaining gauge symmetry (closing on-shell) will be a super-diffeomorphism
algebra with an SL(2) doublet of world-volume vectors as fermionic generators.

There is an interplay between the global supersymmetry and the local k-symmetry,
in the sense that both transform the singlet fermions 6. Even if the supersymmetry
generators obey eq. (R.19) exactly and without reference to the embedding of the membrane
world-volume, this ceased to be true once k-symmetry is gauge fixed. When some gauge
is chosen that involves 6/ (which any gauge has to), compensating gauge transformations
have to be introduced in order that the redefined supersymmetry generator transforms
within the constraint surface defined by the gauge choice. Then, due to the commutation
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relation (B.14)), the nilpotency relation (R.19) only holds on-shell, i.e., modulo fermionic
equations of motion.

3.3 Topological membranes

In order to restrict the supermembrane theory to a topological theory, we want to promote
the two supercharges Q7 to BRST operators, and let the theory be defined by cohomology of
these. Unlike the theory of topological strings, where one in a conformal gauge has a split in
left- and right-movers (or holomorphic and anti-holomorphic dependence of the world-sheet
coordinate), there is no such natural split, and one has to treat the two supersymmetry
generators simultaneously.

We have already shown how the invariance of the supermembrane action works. If the
theory is to become a cohomological field theory, it is important that the action not only is
invariant, but also trivial in cohomology, i.e., BRST-exact. This means that there should
exist a functional X! with

Qx’ =6/s. (3.16)

The simple form of the supersymmetry generators assures that this is achieved by %! =
i £60%, if Q;L = 0 locally on the world-volume, and the action is then invariant without
resort to partial integration. We have demonstrated earlier that this is actually the case,
due to the fact that a gauge can be chosen where the 3-form C' is independent of 6. The
proof of this statement involved the explicit construction of the superspace 3-form, which
used flat space expressions, but should be possible to generalise.

The “pre-action” 3'is defined modulo Q-exact terms, encoded in Q;=/K = 5{( AY,
which can be seen as “gauge transformations” in the complex. It is important that other
gauge symmetries in the model are consistent with this one, in the sense that ¥/ must be
invariant modulo terms of this trivial type. This applies especially to k-symmetry, which
is not manifest. Indeed, the fact that the k-variation of L is a total derivative ensures that,
with the above form of %!, 6,%! is trivial. This property becomes essential e.g. when one
wants to perform a gauge-fixing of a part of k-symmetry that transforms #7. Then, Qhas
to be supplemented with a compensating gauge transformation, which can not be allowed to
interfere with cohomology. Consider an infinitesimal “deformation” of the supersymmetry
generator by a s-transformation, Q; = Qr + Mj“t A, where t4 are generators of some
gauge transformations labelled by the index A, and M j4 are infinitesimal parameters. If
QIE:QK = %(ﬁ(QLEjL = 5?@42‘7 as above, one can define ¥/ = »1 — Mj,“Ei{’, and still
have Q%7 = §/S. A finite deformation, as when gauge-fixing is performed, will require
the discussion to be extended to an infinite sequence of descent equations.

An interesting parallel to topological string theory can be observed when one tries to
construct a X! that is “as k-invariant as possible”, order by order in fermions. An Ansatz
would, apart from the expression above, include terms that are independent of 6,

»= /d3§\/§91 + /((C + k)07 + RY). (3.17)
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Here, R is a 3-form with Q7R = 0, and the the term containing {2 modifies eq. (B.16) with
a purely topological term,

Qrx7 = 6] (S +kQ). (3.18)

Using elements of the calculation yielding x-symmetry of the action, one finds
650 = /i,.i((*l + C + kQ)AdfT + dRT). (3.19)

Invariance at lowest order can be achieved if kK = 1 and Rébc = —%0apea®!, in which
case the lowest order variation becomes [2(I14x!)? = 0, which is seen from the decom-
position (B.13) of the projection matrix in Go tensors. However, exact cancellation to all
orders is not possible by addition of further terms in R’. Again, of course, the non-zero
terms in the variation are trivial. The relation (B.1§), with & = 1, is the exact correspon-
dence to the fact that in topological string theory, the BRST-trivial object is the action

plus the integral of the Kéahler form, which is obtained from €2 on dimensional reduction.

4. Topological membranes in topological M-theory

We have shown how a supermembrane in seven dimensions with euclidean signature can be
turned into a topological theory. It would be interesting to study the quantum mechanical
properties of the topological membrane theory, and investigate to what extent the quantum
theory reproduces topological M-theory. The best framework for doing this would be one
including a proper set of auxiliary fields that makes the symmetries of the theory valid
of-shell. It seems much harder to reach such a formulation in the present situation than
for the usual world-sheet supersymmetric sigma model on which topological string theory
is based.

It is clear that associative cycles [[[7] are solutions of the theory. These are calibrating
cycles for the 3-form ). An easy way to see that associative cycles are supersymmetric is
to partially fix gauge for k-symmetry by demanding 7 = 0. The supersymmetry, including
a compensating k-transformation, on the remaining fermions becomes

¢

4.1
e, (11)

551/}OJ - =

where y = ﬁeijkaijk, Za = ﬁeijk*aijka. A configuration is supersymmetric if z® = 0,
giving the possibilities y = +1, and if eq. ({..T) is to be well behaved only y = —1 is possible.
With a non-zero Wess-Zumino term in the membrane action we are actually dealing with
a generalised calibration, see e.g. refs. [I§, [[9]. It is however of a trivial type since the
bosonic 3-form is closed and hence the Wess-Zumino term contributes equally to all cycles
minimal or not.

Looking for local observables seems more problematic. In the A-model, considering col-
lapsed, point-like, world-sheets is straightforward, and cohomology of the BRST-operator
is directly translated into cohomology for a de Rahm-complex for the Calabi-Yau manifold.
In the present situation, we have to take k-symmetry into account, with its projection that

depends on the orientation of the embedded world-volume. We have not yet been able to
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address this question in a constructive way, and thus can not present a direct connection
between observables for the topological membrane and Hitchin’s theory.

It is clear that a double dimensional reduction of the topological membrane produces
the strings of the topological A-model, although formulated in a space supersymmetric
rather than world-sheet supersymmetric way. Associative cycles will map to holomorphic
cycles. For the same reasons as above, we are not able to make a corresponding statement
concerning local observables (although investigating this question for the A-model starting
from a Green-Schwarz formulation might give some insight)3. A direct reduction will of
course give A-model 2-branes. These are not D-branes. An A-model D2-brane must be
represented by a 3-brane in D = 7, since the boundary of an open membrane winding the
compactified circle also winds. This, along with the existence of the dual form x{2, makes
it clear that 3-branes, on which the membranes may end, are needed in topological M-
theory. The 3-branes, living on the same superspace, should support a world-volume 2-form
potential, with a 3-form field strength. This field, that can be dualised to a scalar, accounts
for the correct matching of bosonic and fermionic degrees of freedom. An interesting

&
symmetric in spinor indices, and thus cannot be used in a dimension-0 component of the

observation, on which we would like to elaborate in the future, is that although (v4pc) 4 is

5-form field strength for the 4-form potential coupling to the 3-brane, there exists a closed
5-form constructed from Gs-invariant tensors.

It would be a great step forward to find a good set of auxiliary fields for the membrane
theory, that would allow for an off-shell formulation, and hopefully make quantisation more
manageable. Although this, in general backgrounds, would probably be to ask too much,
it is maybe not unrealistic to hope that the G9 structure would help. It turns spinors into
scalars and vectors, and even k-symmetry can be parametrised covariantly, as in eq. (3.15).
One possible starting point could be the construction of a super-diffeomorphism algebra
on the world-volume containing an SL(2) doublet of fermionic vector generators, similar to
what one obtains after gauge-fixing the scalar part of x-symmetry.

Although we do not claim to have a microscopic definition of topological M-theory, we
hope that the present work represents a step in that direction. Maybe it can be a point
of departure for a refined formulation, where urgent questions, such as the connection
to Hitchin’s theory of G2 moduli, can be answered. Such a formulation might also give
valuable insight into the question of how membrane functional integrals are performed
(see e.g. the discussion in ref. [[f]). Earlier experience of instanton counting on compact
submanifolds have shown that naive counting of membrane configurations may lead to
incorrect results [24, B§], and a proper theory of topological membranes may be a place
where such issues can be addressed in a precise manner.

A. Some details on GG, tensors

We use e.g. the expressions 04 41,43 = 1 (where indices are counted modulo 7), giving

*0qat+1,a4+2,a+5 = 1. o is the octonionic associator, [eq,€p, ec] = (€q€p)ec — €q(€pec) =

3Such a formulation will be possible directly in six dimensions for both the A- and B-models. One has
a priori an SL(2) doublet of complex supersymmetries, of which different real combinations may be chosen.
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—2x0gpeq€d- Useful relations between octonionic structure constants:

d
Tacd0p™ = 60gp s

d
*Uabdeac ¢ = —4ogpe,
O’ach' =42,
TabeTcd” = 2 Zd — *Oabed » (Al)

Cabs*0cae’ = 630",
*Uabcg*adefg = 6532; — 3(5[[3*0'1) | 1~ 3U[ab[ o f]
*Uabef*o-cdef = 8(523 — 2%Cgbed -

The last of these relations can be used to find projections on the 7- and 14-dimensional

vector spaces in 21 — 14 @ 7 under Spin(7) — G2 as
2
a4 ed — g(fscb + 7*0ab cdy,
1 1 ] (A.2)
H(7)ab6d 5(5 §*O'abc ) .

It can be noted that og., seen as a set of seven matrices (o), are in the 7-dimensional
subspace: (H(M) 0a)be = 0, and actually provide a basis for it.

Consider the split of the octonions @ as H @ H, and write x = £ + jn, where £ and 7
are quaternions and j is an imaginary unit orthogonal to H. The octonionic multiplication
is encoded in terms of the quaternions by the multiplication rules ja = a*j, (ja)b = j(ba)
for all a,b € H. Then

xa' =& — '+ 50 + &) (A.3)
We want to examine which of the rotations in SO(3) x SO(4) acting on imaginary octo-
nions and preserving this split are automorphisms, i.e., belong to Gs. The rotations are
parametrised as & — o*¢o, n — e*ne’/, where all three parameters are unit quaternions.
A direct check with eq. (A.3) yields that the necessary condition for this to be an auto-
morphism is o = e, verifying that the common subgroup of this SO(3) x SO(4) and G is
SU(2) x SU(2), and that the twisting — the identification of world-volume SO(3) rotations
with a transverse SU(2)—takes place.

The remaining part of the G algebra transforms as (4, 2), and is realised infinitesimally
with a “vector-spinor” h;, i = 1,2,3, in H®3 with e;h; = 0. The transformations are
0¢ = einh}, dn = ei&h; (= —2¢&;h;), and the derivation property may be checked explicitly.

The split into two quaternions can also be seen as a split in four complex numbers
with imaginary unit j. With 2 = 29 + 2’e;, the multiplication table is za2’ = 22{, — 'z} +
(202" + 2'%) + €*z;2 )e;, in which SU(3) C Go is a manifest automorphism. The rest
of the automorphisms are parametrised by A’, \; in 3 @ 3, acting as 629 = A% — A\ 2%,
820 = )\i(ZO — 20) + Eijkj\jgk.

B. 3-forms in superspace

The field strength G is related to the potential C' in the conventional way

G=dC = Gapep =40aCpcp) + 6T ,p "Cirien . (B.1)
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where the indices in capital letters are the entire superspace indices. The bracket [x)
denotes a graded symmetrisation. Using the fact that in a flat background, the only non-

vanishing components of Gapcp and T,z are Gab,'?/l,SJ = —26[](’7(1[))4/8 and TdLBJC =
2e17(7)4 4 respectively, the equations (B.1)) can be solved for Cspc. The solution we are
interested in has the property that the only coordinate dependence is through the seven-
dimensional fermionic coordinates 1»*!. By looking at the group representation structures
of the different components of C, we make an Ansatz for the potential using G5 invariants.
Due to invariance under the gauge transformations §C' = dA, some of the parameters in
the Ansatz are free, and set to zero for simplicity. We use flat space or work to lowest

order in curvatures. The potential we have found can be written as C*) = C' + kQ, where

Cabc =0
S§L
Cabor = 1LY’ 204ps
6L b
Cab,a] = 6IL¢ (2535 + *O-abozé)

Caor00 = €1 eapn?™ ™M (—4) o5

2
Cuaros = errepn?’ ™M (—45(?3 —3* Uaa56>

4 8

Caarps = €1’ ™M <_§Ua565aﬁ - gaaa5566>

Corosok = €1(rame i’ v M N 8ose

8
Car050k = €108 5(mE |y P M p?N <—§> * Oaded

. 8
Corprox = erresmex LM yoN <§5a6056¢ + 80ae¢5ﬁa>
Ca[ﬁ‘]ﬁ]( = €[L€JM€KN1/16L1/JEM1/J¢N85Q¢ * O'ﬁﬁﬂse (B.Q)

Qabc = Ogbc
Qupor = ey’ (=2
abol = 1LY’ (—2)0abs
oL b
Qab,al = 6IL¢ (_2635 + *O-abozé)
0 _ oL 5M4
a,01,00 = EX(LEJIM)Y" YT dogse

QaL,oJ,OJ = 5I(L5\J|M)¢5L¢EM(45(USL? + 2% Uaaée)

(8 4 8
Qg a1,87 = 61(L€\J|M)¢5L¢ M <§5aa0/356 - gaaae%ﬁ - gdaa(s%E)

Qoros0x = €111y mE Ny VLM YN (—8) 05y

0L, . eM N
Quros0x = €12 5e i Y M PPN A% 005e

56

8
Qarpror = ernesmer N EpMyoN <—§5a6055¢ - 3%@565)

Qarpink = erneamer N LY MPPN8S 4 % 05 5c (B.3)

and k is a free parameter. Symmetrisation in composite fermionic indices is implicitly

understood in eqs. (B.d) and (B.J). Eq. (B.3) can of course be obtained directly (modulo
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an exact form) by expanding the bosonic differentials in 2 = %dxp/\da:"/\dxmepcenbemaaabc
using the vielbeins of eq. (P.16).

The fact that 6! are Go-invariant should make it clear that the proof of local 6-
independence of the lagrangian, on which the BRST-exactness relies, may be generalised
to curved backgrounds, involving modifications of the explicit forms of the supervielbeins
of eq. (.14) and the super-3-forms of eqgs. (B.9) and (B.3).
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